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Abstract 
To describe the impact of multiaxial service loads a power spectral density matrix of the strain tensor components has been 
taken into account. To determine the fatigue life some selected multiaxial fatigue failure criteria have been used. The main focus 
of this paper is set on the comparison of the cycle counting method and the spectral method. An algorithm used to calculate the 
fatigue life in the time domain as well as in the frequency domain has been introduced. The proposed algorithm has been verified 
on the basis of fatigue tests of cruciform specimens made out of the S355J2WP steel.  
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the Czech Society for Mechanics. 
Keywords:strain, spectral method, multiaxial fatigue, rain flow; 
1. Introduction 
The literature presents two methods of determining the fatigue life of operating loads – cycle counting method [1], 
where calculations proceed in the time domain, and the spectral method [2-3], where calculations proceed in the 
frequency domain. The primary difference in these methods is the way of determining the stress or strain amplitude 
distribution. In the cycle counting method the distribution is determined by means of specialized algorithms that while 
analyzing the time history of stress or strain courses determinates distribution of their amplitudes. Such is for example 
the well know rainflow method. However in the spectral method the amplitude distribution parameters are being 
estimated as well as the correction factors that are taking into account the impact of the frequency wide spectrum [4]. 
The cycle counting method due to the large simplicity and ease of modification is much more frequently used than the 
spectral method. In some cases, however, it is desirable to present the structure of the frequency of a load or explicitly 
define the load in the frequency domain [5]. Generally for this purpose the Power Spectral Density (PSD) function of 
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the stress or strain is being used. This function is used in the spectral methods of determination of fatigue life to 
describe the nature of the load. For this purpose the PSD moments are being used and on their basis we determine, 
among others, the variance of the random loading history, the expected number of passes through the zero level, the 
coefficients of irregularities, etc. In the construction and operations of machines it is rare to find construction elements 
that are working in simple loading states (tension-compression, torsion at stress ratio R = −1, etc.). That’s why the 
multiaxial fatigue criteria for random loading are being proposed, which allow to transform the spatial condition of 
the load to an equivalent simple state [3-11]. Parameter thus obtained is used to determine the fatigue strength, using 
methods already verified in the uniaxial states of loading. The aim of this work is the verification of the spectral method 
algorithm based on comparison of calculation results with those obtained with the cycle counting method and received 
during the experiment. For this, calculations were based on previous works [12, 13]: 
• rainflow algorithm (cycle counting method), 
• damage accumulation according to Palmgren-Miner rule (cycle counting method), 
• Miles formula for predicting the fatigue life (spectral method), 
• λ factor taking into account the width of the spectrum (spectral method), 
• strain multiaxial fatigue failure criteria (cycle counting and spectral method).  
 
Nomenclature 
O    factor taking into account the width of the spectrum according to Wirsching and Light, 
H0(t), H90(t), H45(t)   time courses of the strain coming from full strain gage rosette, 
H(t)    strain tensor, 
Hxx(t), Hyy(t), Hzz(t), Hxy(t) components of the strain tensor, 
HK(t)    strain normal to the critical plane, 
HKs(t)   strain tangent component on the critical plane, 
Heq(t)   equivalent strain, 
Hai    strain amplitude, 
Hae, Hap   elastic and plastic part of the strain amplitude, 
ε’f   fatigue ductility coefficient, 
E   Young’s modulus, 
ν   Poisson’s ratio, 
G(f)   power spectral density function, 
Gii,ii(f)   components of the power spectral density matrix where i = x, y, z, 
s    vector tangent to the critical plane,  
K    vector normal to the critical plane,  
JKs(t)   shear stress, 
dH, kH, and q  constants defining special forms of the criteria, 
To   observation time, 
Trf    fatigue life counted by means of the cycle counting method, 
TSP   fatigue life counted by means of the spectral method, 
ni   number of cycles with the given amplitude, 
Nfi  number of cycles calculated numerically from the fatigue characteristic described by the 
Manson-Coffin-Basquin formula, 
σ’f    fatigue strength coefficient,  
b    fatigue strength exponent, 
c    fatigue ductility exponent,  
M+   expected number of cycles per unit time, 
p(Ha)   amplitude probability density distribution, 
Nf(Ha)   function returning the cycle number from the strain fatigue characteristic, 
rX,Y   correlation coefficient between X a Y, 
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PX,Y    covariance of variables X and Y, 
PX , PY   variance of variables X and Y, 
sˆ , s~    respectively mean value and standard deviation of the scatter parameter scal,exp of the 
  calculated and experimental results. 
2. Experimental research 
The tests were conducted using cruciform specimens presented in Fig. 1 made out of the S355J2WP steel. The tests 
were conducted by Dr. Będkowski on the MZPK-300L stand in the Department of Mechanics and Machine Design at 
the Opole University of Technology and presented in [14-16]. The chemical composition of the material and basic 
material constants are given in Table 1 and Table 2. 
 
Table 1. Chemical composition of the S355J2WP steel. 
Element C Mn Si P S Cr Cu Ni Fe 
% 0.115 0.71 0.41 0.082 0.028 0.81 0.30 0.50 rest 
 
Table 2. The basic material constants (static and fatigue) of the S355J2WP steel. 
Q E, GPa V’f, MPa b H’f c 
0.29 215 994 -0.095 0.244 -0.464 
 
The cruciform specimens were subjected to a biaxial random Gaussian load. Deformation on the surface in the 
middle of the sample was registered with a strain gauge rosette. Due to the long duration of the experiment only 
selected parts of the strain histories were registered in intervals of between 130160 seconds. Number of recorded 
strain history blocks was ranged from 2 to 15 depending on the load level and durability of the specimens. Also, the 
shapes of the PSD (frequency max value) were adapted to the loading level to avoid thermal effects during the hi-load 
tests and ensure the accomplishment of the tests in an acceptable time for low-load tests. 
 
Fig. 1. Shape of the cruciform specimen and its basic dimensions. 
 
3. Computational algorithm 
Fig. 2 shows a computation algorithm for predicting the fatigue life using the cycle counting method as well as the 
spectral method. The conducted calculations were divided to three extracted steps shown in the algorithm by dotted 
lines. 
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Fig. 2. Computation algorithm of the cycle counting and spectral method [16]. 
3.1. Values characterizing the load 
It was assumed that in the calculation, the values that describe the load will be non-zero components of the strain 
tensor. A formula has been defined: 
)](),(),(),([)( ttttt xyzzyyxx HHHH ε .  (1) 
The components are based on deformation H0(t), H90(t) (along the arms of the specimen) and H45(t) (deformation 
under the angle of 45o to H0(t), H90(t) obtained directly from the strain gauge rosette). Following equations were used 
for calculating the particular strain tensor components  
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Fragment of the strain time course is shown in Fig.3. 
  
Fig. 3. Fragment of the strain history. 
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The spectral method of fatigue life determination uses to describe the load by the spectral power density matrix of 
the deformation 
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The components of the matrix were determined by the Welch method [17] with additional segmental averaging 
estimators that give smoother PSDs. 
3.2. Cycle counting method 
For the purpose of calculations the known multiaxial fatigue criteria based on the parameter of deformation 
proposed by Macha [18] and further developed inter alia by Ogonowski and Łagoda [19, 20] has been used. These 
criteria can be derived from the following assumptions: 
x fatigue life is dependent on the linear combination of strain normal to the critical plane HK(t) and strain tangent 
component on the critical plane HKs(t) in the s direction, on the critical plane of normal K , 
x direction s  on the critical plane coincides with the average direction of the maximum shear )}({max ts
t
KJ , 
x In the boundary state the material is defined by the maximum linear value of the combination of the HK(t) and 
HKs(t) strains, which in the multiaxial random loading conditions satisfies the equation: 
^ ` qtktb s
t
  )()(max KHKH HH   (4) 
where: bH, kH, and q are constants defining the particular form of the criteria. For the calculation purposes three forms 
of the criteria which were used to determine the equivalent strain have been chosen: 
x Criterion of maximum normal strain [19] (K1), 
)()( tteq KHH   .  (5) 
x Criterion of maximum normal and shear strain parameter in the plane of maximum normal strain [19] (K2), 
)()(
2
2)( ttt seq KK HHH  .  (6) 
x Criterion of maximum normal and shear strain parameter in the plane of maximum shear strain [19] (K3), 
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1
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QHH 
 ,  (7) 
where for the S355J2WP steel the bH = 1.68 and results from the ratio of fatigue limits for tension-compression and 
torsion [17]. The position of the critical plane has been determined by the variance method [21]. It is based on finding 
such a position of the critical plane (position of the vectors K  and s ), for which the strain variance Heq(t) reaches the 
maximum value. The history of the equivalent deformation Heq(t) is subjected to cycle counting using the rain flow 
algorithm. Fatigue life was determined using the hypothesis of damage accumulation according to Palmgren-Miner 
rule. 
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where To – is the observation time, ni – number of cycles with the amplitude εai and Nfi is the number of cycles 
calculated numerically from the fatigue characteristic described by the Manson-Coffin-Basquin formula 
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3.3. Spectral method 
In this method the switch from the multiaxial state to an equivalent simple uniaxial state is being done in the 
frequency domain by means of criteria (K1)-(K3). For the fixed position of critical plane, the criteria are linear, which 
allows to determine the PSD of the equivalent deformation directly from the PSD matrix (3). This operation has been 
shown in many earlier papers [11, 13, 22]. Examples of power spectral density functions of the equivalent deformation 
process are shown in Fig. 4. It is easy to notice that we have obtained deformation with a broad frequency spectrum. 
To determine the fatigue life in terms of the spectral method a formula has been used [2, 5]: 
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where the λ coefficient includes the impact of broad frequency spectrum on the fatigue life [5, 14], M+ is the expected 
number of cycles in unit time, p(Ha) is the amplitude probability density distribution, and Nf(Ha) is a function giving 
back the cycle number of the fatigue characteristic (9).  
 
Fig. 4. Examples of power spectral density functions of the equivalent deformation process obtained by using the (K1) criteria  
for 6 chosen cruciform specimens. 
4. Results and conclusions 
The calculated fatigue life by means of the cycle counting and spectral method with three chosen criteria has been 
compared with the experimental results in Fig. 5. It is easy to notice that the best results were obtained for the criteria 
based on the normal strain to the critical plane (K1) and (K2) (Fig. 5a and 5b). Because of the small result differences 
between the durability Trf and Tsp it has been proposed, beside the graphic presentation of results, a comparison of the 
correlation and scatter coefficients of the results in Table 3. 
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Fig. 5. Comparison of the calculated durability according to the three criteria (a) (K1), (b) (K2), (c) (K3) with the experimental results. 
 
The correlation coefficients between the calculated X = log(Tcal) and experimental Y = log(Texp) durability have 
been calculated from the formula: 
YX
YX
YXr PP
P ,
,  ,   (11) 
where PX,Y is the covariance of variables X and Y, where PX and PY are the appropriate variances. The analysis of the 
scatter of data was conducted with a mean value sˆ  and a standard deviation s~  of the s parameter defined as: 
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It’s easy to notice that for a perfect match of the calculated and experimental durability scal,exp = 0. The study 
indicates the following conclusions:  
Table 3. Values of parameters for assessing the accuracy of methods of determining the fatigue life 
 
rX,Y 
X = log(Trf) 
Y = log(Texp) 
rX,Y 
X = log(Tsp) 
Y = log(Texp) 
exp,
~
rfs  exp,
~
sps  exp,ˆrfs  exp,ˆsps  
K1 0.9193 0.8414 0.1711 0.2299 0.2994 0.1612 
a) b) 
c) 
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1. The spectral method of fatigue life assessment gives comparable results with the cycle counting method, but it 
should be noticed that a slightly bigger scatter appears for results, it’s probably caused by the different frequency 
characteristics of the courses in relation to the fatigue tests. 
2. The comparison of the calculated results with the obtained experimentally has shown, that for the S355J2WP steel 
we receive the best results when using the criterion of maximum normal and shear strain parameter in the plane of 
maximum normal strain (K2). 
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